Recently, a non-hyperelliptic curve describing the Coulomb branch of N = 2 SUSY SU(N c ) Yang-Mills theory with an antisymmetric tensor matter was proposed using a configuration of a single M theory fivebrane. We study the singular surface in the moduli space of the curve to compare it with results from the "integrating in" method in field theory. In order to achieve the consistency, we find it necessary to take account of an additional superpotential W ∆ which has been neglected so far. The explicit form of W ∆ is worked out. *
Introduction
In recent years, deeper understanding of supersymmetric (SUSY) gauge theories in various dimensions has been gained by realizing them on the world-volumes of D-branes [1] - [22] . Witten [23] also pointed out that intersecting brane configurations of Type IIA string theory corresponding to N = 2 SUSY gauge theories in four dimensions can be described by a single M theory five-brane wrapping around a Riemann surface. The Riemann surface is nothing but the SeibergWitten curve [24] and therefore the five-brane configuration contains the structure of the moduli space of vacua. The M theoretic method is also applied to discuss various aspects of SUSY gauge theories [25] - [41] and found to be quite useful to understand them.
On the other hand, field-theoretic approaches also provide us with important informations on the Seiberg-Witten curves. One of them is based on the deformation to N = 1 SUSY. The moduli space of the N = 2 SUSY vacua in the Coulomb phase exhibits singularities where solitons such as monopoles or dyons become massless. When N = 2 SUSY gauge theories are broken to N = 1 SUSY by perturbations of tree-level superpotentials, only these singularities remain as N = 1 SUSY vacua [24] . Conversely, we can tune parameters of superpotentials in N = 1 SUSY Yang-Mills theories with an adjoint matter field in order to obtain N = 2 SUSY Yang-Mills theories. By this procedure, one expects that the singularity surfaces in the N = 2 moduli space can be reached. Thus, by studying the low energy effective action of N = 1 Yang-Mills theory with an adjoint matter field with a tree-level superpotential chosen properly, we can derive some informations on the singular surface of the N = 2 moduli spaces. In fact, Elitzur et al. have developed a method to obtain the singularity surfaces in the N = 2 SUSY Yang-Mills theories by using a single confined photon in the N = 1 SUSY gauge theories [42] . In this way, the curve of the N = 2 SUSY theory can be recovered by "integrating in" [43] the adjoint matter fields in the N = 1 low energy effective theory. This "integrating in" method has been extended to SUSY Yang-Mills theories with various gauge groups including exceptional groups [44] - [48] . In general, however, the effective superpotential is not completely fixed by symmetries and holomorphy. Possible additional terms are usually denoted as W ∆ . In these "integrating in" approaches, a crucial assumption has been made: the low energy effective superpotential has a minimal form, namely W ∆ = 0. So far, this has provided us with consistent results.
Recently, Landsteiner and Lopez [32] have proposed a non-hyperelliptic curve describing the Coulomb branch of N = 2 SUSY SU(N c ) Yang-Mills theory with an antisymmetric tensor matter from a configuration of a single M theory five-brane. Although the proposed curve passes some consistency checks, it seems necessary to make sure of it further from other points of view. The purpose of this paper is to obtain the singularity surface of the N = 2 SUSY SU(N c ) Yang-Mills theory with an antisymmetric tensor matter by using the "integrating in" method, in order to provide a more stringent consistency test for the M theoretic curve. We find that the usual "integrating in" method assuming W ∆ = 0 gives a singularity surface which disagrees with the proposed M theoretic curve. This means that the brane configuration is not correct or W ∆ = 0.
By assuming that the brane configuration is correct, we find that there exists a nontrivial W ∆ = 0 which gives a singular surface consistent with the M theoretic curve at least up to certain high powers of the dynamical scale Λ of the gauge interactions. Our results can be regarded as an evidence for the necessity of nontrivial W ∆ and for the consistency of the M theoretic curve. Section 2 gives a brief review of the brane configuration in M theory describing the N = 2 SUSY SU(N c ) Yang-Mills theory with an antisymmetric tensor matter. In section 3, we discuss the singular surface of the moduli space assuming W ∆ = 0. It is shown that the singular surface is inconsistent with the M theoretic curve obtained from the brane configuration. In section 4, we derive the explicit form of W ∆ = 0 by requiring the consistency of the singular surface with the M theoretic curve. Section 5 contains a discussion.
The brane configuration
In this section we briefly review the brane configuration in M theory describing the Coulomb branch of the N = 2 SUSY SU(N c ) Yang-Mills theory with an antisymmetric tensor matter [32] . Let ). The orientifold sixplane sits at x 4 = x 5 = x 6 = 0. This means that the space-time should be identified under the transformation
One NS5 brane is placed on top of the orientifold sixplane and the other NS5 brane is to the right of it. Further there are N c D4 branes stretching in between the NS5 branes. In the left of the orientifold sixplane we have of course the mirror image of these branes. The D4 branes have a finite extent in the x 6 direction. The four dimensional N = 2 SUSY gauge theory we discuss is defined on the world-volume coordinates ( The brane configuration can be reinterpreted in M theory as a configuration of a single fivebrane embedded in the eleven-dimensional space-time R 7 × S where S is the Atiyah-Hitchin space [49] , [50] . The R 7 spans the 0123789 directions, while S spans the 456 directions in the Type IIA limit and wraps around the circle in the eleventh direction x 10 whose radius is denoted by R. The five-brane world-volume becomes R 4 × Σ where R 4 spans the 0123 directions while Σ is a curve embedded in the Atiyah-Hitchin space S whose complex structure is represented as xy = Λ 2Nc+4 v −4 , where v = x 4 +ix 5 . For large y with x fixed, y tends to t = exp(−(x 6 +ix 10 )/R), while for large x with y fixed we have x ∼ t −1 . In the M theoretic brane configuration, Λ represents the mass scale corresponding to the dynamical scale of gauge interaction in field theory. The curve Σ is not hyper-elliptic, contrary to the case of the N = 2 SUSY QCD where matter hypermultiplets are only in the fundamental representations.
Since there are three NS5 branes involved, the M theoretic curve describing the brane configuration becomes cubic in y. By using symmetry under x ↔ y, v ↔ −v and other arguments, Landsteiner and Lopez has found the following curve Σ for the above brane configuration in M theory, and proposed it to describe the N = 2 SUSY SU(N c ) Yang-Mills gauge theory with an antisymmetric tensor matter field [32] 
where
The N c parameters a i represent the positions of the D4 branes in the IIA string picture.
We denote by Φ an N = 1 chiral superfield in the adjoint representation in the SU(N c ) gauge group. Together with the N = 1 vector multiplet V in the adjoint representation, it forms an N = 2 vector multiplet. In addition to them, we have an antisymmetric tensor matter A ij and its conjugateÃ ij , where i, j = 1, 2 . . . , N c are color indices. Both of them are the N = 1 chiral superfields and form together an N = 2 hypermultiplet. The tree level superpotential W tree contains a tree level mass parameter m of the antisymmetric tensor matter
The distance between the average position of the D4 branes on the left and the average position of the D4 branes on the right is equal to the tree level mass parameter m of the antisymmetric tensor matter
The distance between the position of each D4 brane and the average position of the D4 branes on the left corresponds to the vacuum expectation value (VEV) of the diagonal element φ i of the adjoint matter Φ
where VEV is denoted by .
Rescaling and shifting
Notice that q(v) = p(−v) and then v −1 (p(v) − q(v)) has no negative powers in v.
Although we do not know any field-theoretical method to obtain the curve for the case involving the antisymmetric tensor matter field, we can obtain rich informations on the singular surface of the curve describing the Coulomb branch of the N = 2 SUSY Yang-Mills gauge theories by the method of "integrating in" [42] , [43] . In order to examine the consistency of the proposed curve with the field theory method, we will here compute the singular surface of the proposed curve, where the discriminant vanishes. Since the antisymmetric tensor representation in the SU(3) gauge group is nothing but the antifundamental representation, we shall take the SU(4) gauge group as the simplest nontrivial case. Using Maple, in order to obtain the discriminant of the curve for the SU(4) Yang-Mills theory with an antisymmetric matter, we calculate To perform an explicit calculation, we take the m = 0 case. The discriminant is found to be Here s i are the moduli parameters,
14)
The factor ∆ unphys is believed to be unphysical [32] . On the other hand, the factor s 3 4 exhibits a singularity expected for the massless antisymmetric tensor matter field in the classical limit (Λ → 0), as can be seen from the tree-level superpotential (2.4)
It is interesting to observe that this singularity is identical to the classical limit (Λ → 0) even though we are not restricted to the weak coupling case. In order to see the singularity associated with the massless gauge fields, we shall take the classical limit (Λ → 0). Then the factor ∆ becomes
This is nothing but the classical singularity where the non-Abelian gauge symmetry is enhanced. We conclude that s 3 2 ∆ correctly reproduces the singularities in the classical limit.
The "integrating in" method
In this section, we analyze the singular surface in the moduli space of the Coulomb branch by using the "integrating in" method in the field-theoretic framework. This method enables us to gain informations on the singular surface in the Coulomb branch taking into account of nonperturbative quantum effects.
The N = 2 SUSY is broken to N = 1 by adding a perturbation ∆W to the tree-level N = 2 superpotential W tree in (2.4)
The action then becomes the most general N = 1 SUSY action with an adjoint matter apart from the terms involving an anti-symmetric matter A ij and its conjugateÃ ij , which is irrelevant to the discussion on the Coulomb branch. The classical VEV's of Φ are obtained from the classical equations of motion, ∂(W tree + ∆W )/∂Φ = 0, and similarly for A ij ,Ã ij . We are interested in the Coulomb branch, where A ij =Ã ij = 0. After SU(N c ) rotations, the generic VEV can be reduced to Φ cl = diag(M, M, M 3 , M 4 , . . . , M Nc ), where M = g Nc−1 /g Nc . In that case, the gauge group SU(N c ) is broken to SU(2) × U (1) Nc−2 . The nonperturbative effects due to the gaugino condensation of the SU(2) super Yang-Mills theory provides the additional superpotential
and Λ FT is the dynamical scale of the SU(N c ) gauge theory with an antisymmetric matter in field theory. The Λ FT must be proportional to Λ of the M theory brane configuration in the previous section:
where c is a renormalization-scheme-dependent constant. Following Elitzur et. al. [42] , we obtain the low-energy effective superpotential for the N = 1 super Yang-Mills theory
where W ∆ is a possible additional superpotential constrained only by holomorphy and symmetry [43] .
The VEV of gauge invariants can be defined as
The Seiberg-Witten curve must be singular when u k = u k . The VEV's are related to the moduli parameters s i in eq.(2.14) through the Newton formula 8) with s 0 = 1, s 1 = 0.
As a simplest explicit example, we consider the SU(4) case. Then, the VEV's and the gaugino condensation are given in terms of coupling parameters in the superpotential as M = z 3 (3.9)
where z 3 and z 2 are complex parameters
In the remainder of the paper, we will explore the singular surface by using the "integrating in" method, in order to compare it with curve obtained from the M theory five-brane. First, we assume W ∆ = 0 in this section. Then we find the VEV including quantum effects using eq.(3.7) as
These relations define a codimension-one surface in the moduli space. It should correspond to the singular surface of the proposed curve (2.7) for SU(4) with an antisymmetric tensor matter, namely the vanishing discriminant of the curve. We will find, however, the discriminant of the curve (2.7) does not vanish on u k = u k in eq.(3.14) for the case m = 0.
We shall now test if the discriminant vanishes for any values of coupling parameters z 3 and z 2 by choosing an appropriate value for the renormalization-scheme-dependent factor c in eq.(3.4). We find that the factor ∆ in the discriminant (2.11), for instance, becomes on the codimensionone surface (3.14) for m = 0
To be more precise, there is no complex number c satisfying ∆(u k = u k ) ≡ 0 for any values of z 3 and z 2 . Therefore the discriminant of the curve (2.7) does not vanish on the codimension-one surface (3.14) obtained by assuming W ∆ = 0 in the "integrating in" method. We thus find that the assumption W ∆ = 0 in the case of the SU(N c ) theory with an antisymmetric tensor matter leads us to inconsistent results and that the assumption W ∆ = 0 is not correct.
Non-zero W ∆
In the previous section, we found that the M theory curve (2.7) is inconsistent with the codimension-one surface obtained as a candidate for the singular surface in the moduli space assuming W ∆ = 0 in the "integrating in" method. In this section, we discuss the possibility of non-zero W ∆ instead.
We first note that, in the classical limit (Λ → 0), the discriminant of the M theory curve (2.7) vanishes on the codimension-one surface (3.14) obtained by assuming W ∆ = 0 in the "integrating in" method. Eq. (3.15) shows that the discriminant of the curve vanishes on the co-dimension-one surface in the leading order of Λ, i.e. up to order Λ 6 , provided c 6 = 4,
Now we wish to explore to higher orders of Λ whether we can find a nontrivial W ∆ which provides the singular surface consistent with the vanishing discriminant of the curve. Since we expect that the nonperturbative effects are associated with Λ 3 and its powers, we assume that the additional superpotential W ∆ can be expanded in terms of Λ 3 as follows
Since the Λ 3 term is given by the gaugino condensation, we assume k ≥ 2.
The additional superpotential W ∆ must satisfy the following conditions [43] 
and carry charge (2, 2) under U(1) R × U(1) J .
We list below the charge and mass dimension of the parameters.
Using this table, we assume that
where t carries the charge (0, 0). Note that we are discussing SU(4) Yang-Mills theory with a massless (m = 0) antisymmetric tensor. Let us also assume that the t is proportional to the nonperturbative factor Λ 3 : t ∝ Λ 3 . The simplest expression of t which is proportional to Λ 3 and carries charge (0, 0) is Λ 3 G −3/2 . Therefore we assume that
This expression satisfies the conditions (4.3). Now let us determine d 2 , e 2 and f 2 in order to make the singular surface consistent with the discriminant of the M theory curve. If
Therefore, we find
Thus, in order for ∆ to vanish, W 2 must take the form
Inspired by the result (4.9), we restrict the form of W ∆ in the following way
By requiring for ∆ to vanish, we work out h k up to h 8
and we find that the discriminant vanishes up to the order Λ 
Discussion
In this paper, we studied the singular surface of the moduli space of the N = 2 SUSY SU(N c ) gauge theory with an antisymmetric tensor matter from two points of view. One is to use a configuration of a single M theory five-brane and the other based on the "integrating in" method. It was discussed that the consistency between the two results requires W ∆ = 0, and the explicit form of it was worked out for N c = 4. The physical origin of W ∆ might be understood as the gaugino condensation of SU(2) SUSY Yang-Mills theory. Using the dynamical scale Λ SU (2) of the unbroken SU(2) SUSY Yang-Mills theory instead of Λ, the nonperturbative superpotential (4.10) is rewritten as
where the scale matching condition Λ 3 SU (2) = 2g 4 G 1/2 Λ 3 for N c = 4 is used.
It is interesting to note that the "integrating in" methods have been applied under the assumption W ∆ = 0 [42] - [48] , which provides consistent results in the Seiberg-Witten curves that are hyper-elliptic. It has been known that the non-hyperelliptic Seiberg-Witten curves for the exceptional group cases are derived using the assumption W ∆ = 0 [45] [48] . Contrary to these results, we have found that the assumption W ∆ = 0 is inconsistent in the case of N = 2 SUSY SU(N c ) gauge theory with an antisymmetric tensor matter, whose Seiberg-Witten curve is not of hyper-elliptic type [32] . Thus our results seem to suggest a possible relation between nonhyperelliptic curves and W ∆ = 0. Actually, it is pointed out that the Seiberg-Witten curves not of hyper-elliptic form appear as solutions of other N = 2 SUSY gauge theories [23] , [32] . It would be interesting to study W ∆ in these theories in order to clarify the relation.
